Abstract. In this work, extension theorems are generalized to self-dual codes over rings and as applications many new binary self-dual extremal codes are found from self-dual codes over F 2 m + uF 2 m for m = 1, 2. The duality and distance preserving Gray maps from F 4 + uF 4 to (F 2 + uF 2 ) 2 and F 4 2 are used to obtain self-dual codes whose binary Gray images are [64, 32, 12 ]-extremal self-dual. An F 2 + uF 2 -extension is used and as binary images, 178 extremal binary self-dual codes of length 68 with new weight enumerators are obtained. Especially the first examples of codes with γ = 3 and many codes with the rare γ = 4, 6 parameters are obtained. In addition to these, two hundred fifty doubly even self dual [96, 48, 16 ]-codes with new weight enumerators are obtained from four-circulant codes over F 4 + uF 4 . New extremal doubly even binary codes of lengths 80 and 88 are also found by the F 2 + uF 2 -lifts of binary four circulant codes and a corresponding result about 3-designs is stated.
Introduction
The construction of extremal binary self-dual codes has generated a considerable interest among researchers recently. The connection of these codes to designs, lattices and other such mathematical objects has been a source of motivation for this interest. Several construction methods have been employed for this purpose. Among the most common ones, we can mention double and bordered double-circulant constructions, constructions with a specific automorphism group, and recently ring constructions using different rings of characteristic 2. We refer the reader to [3, 4, 7, 9, 10, 12, 13, 15, 20] and [21] for more on these constructions.
Ling and Sole studied Type II codes over the ring F 4 + uF 4 in [16] , which was later generalized to the ring F 2 m +uF 2 m in [1] . These rings behave similar to the oftstudied ring F 2 + uF 2 in the literature. The common theme in the aforementioned works is that a distance and duality preserving Gray map can be defined that takes codes over those rings to binary codes, preserving the linearity, the weight distribution and the duality.
Harada and Kim give two different extension methods in [11] and [15] respectively for binary self-dual codes. Both methods describe how a binary self-dual code of length n can be extended to obtain a binary self-dual code of length n + 2.
In this work we generalize the extension methods described on the binary field to any binary ring(i.e., a ring of characteristic 2). With this method we extend self-dual codes over binary rings to further lengths which correspond to a more diverse set of lengths. Also with the rich algebraic structure of the ring, we have a better chance to get good self-dual codes. The binary rings that we use are mainly F 4 + uF 4 and F 2 + uF 2 as we already have distance and duality-preserving Gray maps for these rings. Using these methods we were able to obtain 178 new extremal binary self-dual codes of length 68 and 14 new extremal codes of length 80.
The rest of the paper is organized as follows: Preliminaries about codes over F 4 + uF 4 and the distance and duality-preserving Gray maps are given in section 2. In section 3, we give constructions for binary self-dual codes of length 64 coming from the Gray images of four-circulant self-dual codes over F 4 + uF 4 . In section 4, we describe the ring extension methods to extend self-dual codes over binary rings. In section 5, we apply the ring extension to codes obtained in section 3 to obtain a number of extremal binary self-dual codes of length 68 with new parameters in their weight enumerators. In section 6, we describe constructions of extremal binary self-dual codes of length 80 and 88 as well as new Type II codes of length 96 from codes over F 2 m + uF 2 m for m = 1, 2.
Preliminaries
Let F 4 = F 2 (ω) be the quadratic field extension of F 2 , where ω 2 + ω + 1 = 0. The ring F 4 + uF 4 defined via u 2 = 0 is a commutative binary ring of size 16. We may easily observe that it is isomorphic to F 2 [ω, u] / u 2 , ω 2 + ω + 1 . The ring has a unique non-trivial ideal u = {0, u, uω, u + uω}. Note that F 4 + uF 4 can be viewed as an extension of F 2 + uF 2 and so we can describe any element of F 4 + uF 4 in the form ωa +ωb uniquely, where a, b ∈ F 2 + uF 2 .
A code C of length n over F 4 + uF 4 is an (F 4 + uF 4 )-submodule of (F 4 + uF 4 ) n . Elements of the code C are called codewords of C. Let x = (x 1 , x 2 , . . . , x n ) and y = (y 1 , y 2 , . . . , y n ) be two elements of (F 4 + uF 4 ) n . The duality is understood in terms of the Euclidean inner product; x, y E = x i y i . The dual C ⊥ of the code C is defined as
We say that C is self-dual if C = C ⊥ . Let us recall the following Gray Maps from [8] and [6] ;
In [16] , those were generalized to the following Gray maps;
Note that these Gray maps preserve orthogonality in the respective alphabets, for the details we refer to [16] . The binary codes ϕ F2+uF2 • ψ F4+uF4 (C) and ψ F4 • ϕ F4+uF4 (C) are equivalent to each other. The Lee weight of an element in F 4 + uF 4 is defined to be the Hamming weight of its binary image under any of the previously mentioned compositions of the maps. A self-dual code is said to be of Type II if the Lee weights of all codewords are multiples of 4, otherwise it is said to be of Type I. The double circulant and bordered double circulant constructions are quite commonly used constructions in the literature for self-dual codes. However there is a variation of these constructions called the four circulant construction which has recently been introduced and used in the context of self-dual codes. We will apply the construction here. The four circulant construction was applied to the ring F 2 + uF 2 in [13] to obtain extremal binary self-dual codes. The main theorem that can exactly be extended to include the ring F 4 + uF 4 is the following: 
The proof being exactly the same as the case of F 2 + uF 2 , is omitted here. Now, our aim is to find extremal binary self-dual codes using the four circulant construction over F 4 + uF 4 . This requires a restriction on the minimum weight. To reduce the search field we will consider the projection µ : F 4 + uF 4 → F 4 by letting µ(a + bu) = a for all a, b ∈ F 4 . This map then can be extended in a natural way to (F 4 + uF 4 ) n . It can easily be shown that µ preserves duality and because of the type of the matrix, we can say that if C is a four circulant self-dual code generated by a matrix G of the form given in Theorem 3.1, then µ(C) will also be a four circulant self dual code over F 4 generated by the matrix µ(G). Thus any 
four circulant self-dual code over F 4 + uF 4 can be viewed as a lift of a four circulant self-dual code over F 4 of the same length. The following theorem, an analogue of which can also be found in [13] reduces the search field quite considerably: So, to construct binary extremal self-dual codes of length 64, we need self-dual codes over F 4 + uF 4 of length 16 and minimum Lee weight 12. However the projections of four circulant self-dual codes over F 4 + uF 4 being four circulant self-dual codes over F 4 , by Theorem 3.2 we need four circulant self-dual codes over F 4 of minimum Lee weight at least 6. A complete classification of all four-circulant selfdual codes over F 4 of length 16 can be done by considering all possible first rows for the matrices A and B, denoted henceforth by r A and r B , which requires a search over 4
8 possible matrices, only a portion of which will be self-dual with minimum Lee weight ≥ 6. Lifting these to F 4 + uF 4 , we see that only the codes listed in Ta 
The theoretical values for β have not all been constructed yet. Most recently, codes with β =25, 39, 53 and 60 in W 64,1 and β =51 and 58 in W 64,2 are constructed in [19] , a code with β = 80 in W 64,2 is constructed in [13] . Together with these, codes exist with weight enumerators β =14, In order to fit the upcoming tables regarding the results, we label the elements of F 4 + uF 4 as follows;
We lift the F 4 -codes given in Table 1 to F 4 + uF 4 , as a result of which we obtain extremal binary self-dual codes of length 64 as given in Table 2 . 
Extension methods for self-dual codes over binary rings
In the sequel, let S be a commutative ring of characteristic 2 with identity.
Theorem 4.1. Let C be a self-dual code over S of length n and G = (r i ) be a k × n generator matrix for C, where r i is the i-th row of G, 1 ≤ i ≤ k. Let c be a unit in S such that c 2 = 1 and X be a vector in S n with X, X = 1.
A more specific extension method which can easily be applied to circulant codes may be given as follows: 
, where y i = x i + r i , c is a unit with c 2 = 1, X, X = 1 + n and X = (x 1 , . . . , x n ), generates a self-dual code C * over S. Remark 4.3. As can be seen, these extension theorems generalize the binary extension theorems given in [11] and [15] . The proofs being exactly analogous, have been omitted here.
5.
New extremal binary self dual codes of length 68 from F 2 + uF 2 extensions
The weight enumerator of a self-dual [68, 34, 12] 2 code is in one of the following forms ( [5] ):
where β and γ are parameters. Tsai et al. constructed a substantial number of codes in both possible weight enumerators in [21] . Recently, 32 new codes are obtained in [14] and 28 new codes including the first examples with γ = 4 and γ = 6 in W 68,2 are obtained in [12] . Together with the ones in [12, 14] 
The second extension theorem is used to obtain the results tabulated in Table 8 . As binary images of all these codes we were able to obtain 181 new codes in W 68,2 , which are listed in the tables 3-9. More precisely, 14 codes with γ = 0 in tables 3,8 and 9, 47 codes with γ = 1 listed in tables 4,8 and 9, 42 codes with γ = 2 in Table  5 , 37 codes with γ = 3 in tables 6,8 and 9 21 codes with γ = 4 listed in Table 7 and 5 codes with γ = 6 which are listed in Table 3 . In order to save space 1 + u in X are replaced by 3 in tables. Note that the codes with γ = 3 in their weight enumerators are the first examples in the literature of that parameter.
5.1. New codes from a previously constructed code. Karadeniz et al. constructed four circulant codes of length 32 over F 2 + uF 2 wwhose Gray images are extremal singly-even binary codes of length 64 in [13] . One of these codes has a new weight enumerator in W 64,2 with β = 80. Since the β-value of this code is greater than that of the codes we were able to construct, we apply the extension methods to this code. We were able to obtain a substantial number of binary extremal codes of length 68 with new weight enumerators in W 68,2 as Gray images of F 2 + uF 2 -extensions.
Let C 64 be the four circulant code over F 2 +uF 2 with r A = (u, 0, 0, 0, u, 1, u, 1 + u) and r B = (u, u, 0, 1, 1, 1 + u, 1 + u, 1 + u). The extension method in Theorem 4.2 
[uu1u1u11301313uu03331101303u3uu1] 1 6 154 L 6 [30111uuuu0033010330003301301010u] 1 6 156 L 6 [30u30133113uuuu3u3u0u111u3300101] 1 6 158 L 6 [uu311333001u033u010110011000u131] 1 6 162 is applied to C 64 and 24 new codes in W 68,2 are obtained as Gray images of the extensions, so the codes in Table 8 are the Gray images of the codes generated by;
where M is the four-circulant matrix corresponding to C 64 and X = (x 1 , x 2 , . . . , x 16 ) is a random vector over F 2 + uF 2 which satisfies X, X = 1 and y i = x i + 1 + u.
In addition to these, by applying the extension method in Theorem 4.1 to C 64 we were able obtain 13 new codes which are listed in Table 9. 6. New doubly even binary codes of lengths 80, 88 and 96
In this section, specific four circulant codes over the ring F 2 +uF 2 are considered. The codes are constructed as lifts of binary codes. Binary images of the codes are extremal doubly-even codes of length 80 and 88, the inequivalence of the codes is verified by the invariants. As a result, we obtain 14 Table 10 we obtain new extremal doubly-even codes of length 80 which are listed in Table 11 . The codes L 80,6 , L 80,7 and L 80,8 in Table 11 have an automorphism group of order 80 and these are inequivalent to such codes P 80,2 , P 80,3 , P 80, 4 In order to save space we list 10 of the codes in Table 11 . [7] by a construction from extended binary quadratic residue codes of length 32 and 25 new codes are constructed in [3] 
Conclusion
The binary extension theorems in the literature are used to obtain binary selfdual codes of length n+2 from self-dual codes of length n. They have been effectively used to characterize many extremal binary self-dual codes.
In our work, we generalized this extension to rings, since recently self-dual codes over rings have been used to obtain extremal binary self-dual codes. The extension , a 4 , z 1 , c 1 , b 1 , b 1 ) (z 2 , c 4 , a 1 , z 2 , c 3 , z 3 a 1 , z 1 , c 1 , b 3 , b 1 ) (z 2 , c 3 , a 1 , z 3 , c 1 , z 1 theorems that we suggest can be applied to all rings of characteristic 2. By using a family of such rings, i.e., F 2 m + uF 2 m , with m = 1, 2 and the aforementioned extension theorems we were able to obtain a substantial number of new binary extremal self-dual codes of certain lengths, the results of which have been tabulated throughout the paper. The results indicate the effectiveness of these extension theorems and thus we believe it will add to the motivation of studying self-dual codes over rings. Working out these extensions in different rings might fill out a lot of the gaps in the study of extremal binary self-dual codes.
A possible line of research could be attempting such extension theorems for rings of other characteristic as well, such as Z 4 .
